The reactive collisions of protons with methane molecules at 30 eV in the laboratory frame are studied with the electron nuclear dynamics ͑END͒. The results from this theoretical approach, which does not invoke the Born-Oppenheimer approximation and does not impose any constraints on the nuclear dynamics, are compared to the results from time-of-flight measurements. Total differential cross sections and integral cross sections as well as fragmentation ratios and energy loss spectra are discussed.
I. INTRODUCTION
Theoretical studies of molecular reactive collisions at elevated energies are rare. One of the reasons is that standard approaches proceed via stationary electronic states and their associated potential energy surfaces. When many such states are required in order to have a reasonable basis for the evolving state of the collisional system such standard approaches become difficult to execute. This is so because quality potential energy surfaces for ground and excited electronic states and the necessary nonadiabatic coupling terms are difficult to obtain and only exist for very few systems. Many diatomic systems and a small number of triatomic systems of light elements can be studied in such a manner. However, when the system size increases to four atoms and beyond some other approach is needed.
We have advanced a many-body approach to molecular processes that does not rely on preconstructed potential energy surfaces. This is the electron nuclear dynamics ͑END͒ theory 1, 2 and employs the principle of least action and a quantum mechanical Lagrangian obtained with an approximate wave function for the total system of participating electrons and nuclei to derive a set of dynamical equations. This approach uses a Cartesian laboratory system of coordinates. The dynamical equations determine the time evolution of the wave function parameters, such as complex molecular orbital coefficients, average nuclear position and momenta. These parameters serve as dynamical variables of the system and actually define a generalized phase space 3 on which the dynamics takes place. In general this is not a flat space, but it has a rather intricate structure, which is revealed in the dynamical metric, some elements of which are the nonadiabatic coupling terms. There is no need in END to constrain the nuclear dynamics as is often done in standard dynamics approaches for systems of some complexity. Actually, the full unconstrained dynamics possible to execute within the ENDyne code, which implements the END theory, is one of the main reasons for its success. [4] [5] [6] In the next section we give a brief outline of the theory, followed by a section that outlines the particulars of the proton/methane system with comparisons to a detailed timeof-flight experiment by the Toennies group 7 including both inelastic and charge transfer processes. For earlier experimental studies of this system see Chiu et al. 7 and references therein. We conclude with a result section that reports on collisions of protons with methane molecules at 30 eV in the laboratory frame. All possible product channels have been treated. Recently, several studies of the CH 5 ϩ cation have been carried out ͑see Müller et al., 8 and references therein͒ to study its conformation. This system is viewed as an intermediate species in the formation of CH 3 ϩ and H 2 , but at the high collision energies between protons and methane molecules considered here there is little relevance of these studies to our results.
II. ELECTRON NUCLEAR DYNAMICS
The lowest level of approximation within the END theory that makes any sense constitutes the choice of a single product ͉͘ϭ͉z,R͉͘R, P͘ϵ͉z͉͘͘, ͑1͒ of a nuclear wave function
͑2͒
and an electronic part
where
The spin orbital basis ͕u i (x)͖ of rank K is formed from
Gaussians that are centered on the atomic nuclear average positions R k but carry no average nuclear momentum P k . It should be noted that the spin orbitals ͕ i ͖ are nonorthogonal.
Our experience [3] [4] [5] [6] is that the complex coefficients ͕z ji ͖, P k Јs evolve with the dynamics. The simple product Eq. ͑1͒
may be compared to an adiabatic molecular wave function with the electronic factor depending parametrically on the nuclear coordinate rather than the average nuclear position. In contrast, this simple END wave function resembles more a term from the Born-Huang expansion, and has the qualities of a diabatic state. The quantum mechanical Lagrangian is
with H the quantum mechanical Hamiltonian of the system. The choice of the molecular wave function ͉͘, or rather, family of wave functions ͉͘, with its particular parametric form in a given basis, constitutes the only approximation of the END theory. Within that approximation full electron nuclear dynamics is done with instantaneous forces. The wave function family of Eq. ͑1͒ produces the Lagrangian
͑6͒
when the limit of zero width of the nuclear wave packets is taken. Here,
Sϭ͗z,RЈ͉z,R͘ϵS͑z*,RЈ;z,R ͒ ͑7͒
and Eϭ ͚ l P l 2 /2M l ϩ͗z,R͉H el ͉z,R͘/͗z,R͉z,R͘, which include the nuclear-nuclear repulsion terms. The EulerLagrange equations are obtained 2, 3 in matrix form as
where the definitions of the dynamic metric matrices are
and
and where the dot above the symbol denotes time derivative.
The ENDyne code 9 solves sets of a large number of coupled first-order differential equations such as these. The evolved state vector in a collision problem is obtained from a given set of initial conditions. The integration is carried out until a point where the product fragments have separated sufficiently such that there are no more interactions between them. The resulting state vector can then be projected against a number of possible final states in the same basis, yielding transition probabilities for the various channels of the reactive encounter. Classical cross sections weighted with these probabilities can then be obtained and standard semiclassical corrections have produced cross sections in good agreement with experiment for a number of reactive collisions involving small species. 10, 6 Using a coherent state representation of the product fragments ͑see Morales et al. 10, 5 and Deumens and Ö hrn 3 ͒ one can obtain rovibrationally resolved cross sections. This aspect of the proton-methane system is postponed to a later paper.
III. THE PROTON-METHANE SYSTEM
The description of the nuclei as classical particles, retaining the electron-nuclear nonadiabatic coupling terms, makes this the simplest END approximation capable of describing processes, which in standard treatments would involve several electronic states and their potential energy surfaces. This level of the END theory requires the specification of initial conditions including the various orientations of the target and the projectile ͓see Fig. 1͑a͔͒ . In the case of proton collisions with methane the only concern is the choice of initial orientations of the methane molecule, and because of its high symmetry only a small number of orientations suffices. An avearge over initial target orientations requires an integration over the Euler angles. A reasonable grid for this integration is the one shown in Table I . The six basic orientations displayed in Fig. 1 generate 132 grid points. The target molecule is held fixed at the origin of the laboratory Cartesian frame and the proton is given a momentum commensurate with the desired collision energy. In these calculations the proton is initially at a distance of 15 bohr from the target and the methane molecule is in its electronic ground state and equilibrium geometry, computed in the given basis at the SCF level. A full range of impact parameters is considered for each basic orientation. The nuclei being classical particles have no zero-point vibrations.
The six basic orientations include the proton approach along a methane C 3 axis heading into a hydrogen with two distinct target orientations ͑Head I and Head II͒, the opposite orientation with the proton approach into the triangular face of three hydrogens again with two distinct target orientations ͑Face I and Face II͒, and the approach parallell to an S 4 axis also with two distinct methane orientations ͑Edge I and Edge II͒. The impact parameter, b, assumes values in steps 0.1 from 0.0 to 6.0 bohr and 0.5 between 6.0 and 8.0 bohr. This yields 390 fully dynamical trajectories, each with an evolution time of 1200 a.u. to achieve a clear separation of the product species. For all these trajectories the proton enters the collision region after about 400 a.u. of time.
The electronic basis set is chosen as the minimal STO-3G. The behavior of END results with change of basis sets is the subject of an ongoing study. However, our experience 11, 12, 6 with the ENDyne calculations on several smaller systems has shown that this level of description is capable of yielding results that will not be greatly changed when the basis is augmented. Typically one observes some-what different behavior of individual trajectories with basis set changes, but the resulting effects on cross sections, average energy transfers, etc., are not dramatic. One possible piece in the puzzle to understand the behavior of this level of END theory is the effective potential surface on which the dynamics may be considered to take place. For each trajectory one can at each time step of integration subtract the nuclear kinetic energy from the constant total energy of the system and in such a manner obtain an effective potential surface ͑including the effects of electron-nuclear couplings͒. Such effective surfaces studied so far are very smooth and structureless indicating that a modest basis might be sufficient for a reasonable description of the electron dynamics.
Since the END treats the electrons and the nuclei on an equal footing this system represents a sixteen particle collision. For such an encounter at 30 eV many possible processes can result. The initial system can be represented as
where we have denoted the projectile proton as p ϩ and where i ϭ0 denotes the lack of rovibrational excitation in the target molecule. The product channels observed in this application of the END theory are as follows:
The proton departs having excited the methane molecule. This is referred to as nontransfer ͑NT͒ inelastic scattering,
Simple electron charge transfer ͑CT͒ leaves the products
In both the above cases there exist also the exchange processes ͑E͒
Another process is the so-called collision-induced dissociation ͑D2͒ involving three product fragments, two of which are hydrogenic particles,
A very small number of trajectories also yield products with three hydrogenic particles ͑D3͒ leaving with various amount of electron charge. Finally, a molecular hydrogen formation ͑F͒ channel ͑or hydrogen abstraction channel͒ is observed yielding the products
This channel may also exhibit a dissociation ͑FD2͒ of the product CH 3 fragment into a CH 2 and a hydrogenic particle carrying off varying amounts of electronic charge. Obviously this classification of product channels can be further refined with a discussion of which vibrational or rovi-TABLE I. Integration grid for the orientations of the target methane molecule. The six basic orientations are shown in Fig. 1 . 7 generally only detects the fastest product particle irrespective of its past history.
It should be noted that the END dynamics of the CT and NT channels have trajectories where the hydrogenic particles leave partially charged and actually the majority of trajectories are of the NT variety with effectively a proton leaving. This means that the classical nuclei, which can, of course, only present one evolving product geometry is weighted towards the CH 4 rather than CH 4 ϩ . This situation can only be remedied by providing a split wave packet description of the nuclei. However, even with classical nuclei our experience is that the calculated transfer probabilities are reasonable and so is the dynamics of the dominant process.
IV. RESULTS
For this system different initial conditions yield different product channels and in Table II the initial conditions are classified as functions of the process generated. It is interesting to note that the type of process depends strongly on the orientation of the methane. Some, such as the Face II orientations, yield only nonreactive NT and CT channels, while others are extremely reactive and involve bond breaking and bond making. The value of the impact parameter is also decisive in steering the system to a particular channel. For instance, the Face I orientation yields thirteen different processes as the impact parameter varies from 0.0 to 8.0 bohr. Processes where the incoming proton does not encounter a C-H bond are the less violent as one would expect. Indeed, impact parameters greater that 2.9 bohr always lead to CT and NT channels. Although a different system, this is consistent with the calculations by Raff 13 on hydrogen atom collisions with methane which showed that the probability for chemical reaction falls off to zero for impact parameters b Ͼ3.0 bohr. For smaller impact parameters the dissociation, the hydrogen exchange, and the formation of molecular hydrogen are the dominant channels, while the D3 and FD2 processes are rare events occurring almost exclusively for very small impact parameters in the Head orientations.
The atoms in the methane target are labeled C 1 , H 2 , H 3 , H 4 , and H 5 , while the initial proton is labeled H 6 ͓see Fig.  1͑a͔͒ . It is often instructive to study some typical trajectories in order to get an understanding of the relevant dynamics. The NT and CT channels result in trajectories similar to what has been observed before 5 in the proton collisions with molecular hydrogen. The electron charge, as given by the Mulliken population on the incoming proton, increases as the proton approaches methane and then decreases to an asymptotic value corresponding to the final charge transfer probability. In the region of the rainbow angle the CT probability is considerable ͑about 30%͒.
The dissociation process D2 is illustrated by the trajectory in Fig. 2 . The initial conditions are orientation Head II and bϭ1.00 bohr. The H 3 hydrogen is the fastest outgoing particle, the incoming proton being slowed by the interaction, and the remaining CH 3 fragment leaves vibrationally excited as illustrated by the evolution of the C 1 -H 2 bond distance. In this trajectory the fastest outgoing particle, which happens to be H 3 carries off a significant amount of charge (0.51e) and the slower H 6 hydrogen, which interacts a long time with the carbon center leaves with almost a full electron (0.95e). The Mulliken populations of the remaining CH 3 fragment oscillate illustrating the sharing of the electrons between these atoms forming a bound species.
A typical F process is shown in Fig. 3 for initial conditions corresponding to the orientation Edge II and impact parameter 1.30 bohr. This process is not detected experimentally. This can have several possible reasons. From our calculations we conclude that the hydrogen product molecule has very small translational energy. The formation of H 2 ϩ seems negligible and virtually all F trajectories result in molecular hydrogen with two electrons, leaving behind an essentially planar CH 3 ϩ fragment. From the phenomenological formula of Nakai et al. . This value is quite approximate since it results from an extrapolation of the experimental data at higher energies. We calculate the integral cross section
by numerical integration, where P k CT is the charge transfer The scheme used for integration over the Euler angles ␣, ␤, and ␥ on the intervals ͓0,2͔, ͓0,͔, and ͓0,2͔, respectively, is described in the Appendix. We are assuming that the E, D2, and D3 channels are included in the experimental data and we label the product channel by the nature of the fastest outgoing particle. Since the impact parameter resolution could be made finer, where the product channels undergo drastic changes, our integration is only approximate. The calculated result becomes a lower bound of the theoretical value within the model. The value of 2.7 Å 2 must be considered in satisfactory agreement with experiment. The results in Table III show that k (E lab ) is larger for the most reactive orientations and that the E, D2, and D3 channels represent non-negligible percentages of the total. The F channel has the integral cross section 0.26 Å 2 . There are no experimental data to which it can be compared.
The scattering angle is determined by
͑20͒
in terms of the components of the asymptotic momentum of the particle reaching the detector. The classical deflection function is the scattering angle with a positive sign in the repulsive case and a negative sign for the attractive case. Figure 4 displays this classical deflection function as a function of the impact parameter for the six distinct orientations. Only the CT and NT channels are present at these impact parameters. The classical primary rainbow angle corresponds to the maximum attractive part of the interaction between the projectile and target and is thus at the minimum of the de-
FIG. 2. ͑a͒
Depiction of the END trajectory in the xz-plane for target orientation Head II and impact parameter 1.0 bohr. The nuclear evolution is shown at four different time points. The lines between atoms only registers proximity during the evolution and has the meaning of a bond only at the very end of the trajectory. This is part of channel D2. ͑b͒ The time evolution of the relevant C-H distances is shown. ͑c͒ The electron charge evolution is shown in terms of the Mulliken populations on the hydrogens H 2 that stays on the carbon fragment, and H 3 ͑fast͒ that comes from the original CH 4 and the original proton projectile that leaves as H 6 ͑slow͒.
flection function which occurs at 3.00рb rainbow р4.30 bohr. Our mean value for the classical primary rainbow is 12 degrees. The scattering angle of 0 degrees, the glory angle, can also be identified in Fig. 4 and corresponds to smaller impact parameters, 1.80рb glory р3.50 bohr. Similarly to the experiment there is no secondary rainbow for any of the orientations. Table IV details the results for each of the six distinct target orientations. For the almost spherical methane molecule the classical differential cross section per target orientation may be expressed as
where P ik is the probability of a given process and the sum runs over all the contributing branches to the scattering angle . The classical differential cross section calculated in this way displays the well-known features such as the singularities at the rainbow and glory angles as well as a too large primary rainbow angle. We perform semiclassical corrections to the classical differential cross section by adapting the uniform Airy approximation 15 to the END theory. The averaged semiclassically corrected rainbow angle is 10.0 degrees in excellent agreement with the experimental value 7 of 10 degrees.
Nontransfer ͑NT͒ and transfer ͑CT͒ differential cross sections averaged over all the orientations are depicted along with the experimental values in Figs. 5 and 6 , respectively. For the purpose of comparison the unnormalized experimental values have been normalized to the END results by FIG. 3 . ͑a͒ This is the END trajectory in the xz-plane with target orientation Edge II and impact parameter 1.30 bohr. The hydrogen H 2 breaks its bond with the carbon and together with the incoming proton (H 6 ) forms a hydrogen molecule that leaves slowly. This is part of channel F. ͑b͒ The time evolution of the relevant C-H and H-H distances is shown. ͑c͒ The electron charge evolution is shown in terms of the Mulliken populations on the hydrogen H 2 originally bonded to the carbon and on H 6 which is the incoming proton forming the product hydrogen molecule with H 2 . The hydrogens of the remaining CH 3 ϩ fragment lose some electronic charge. matching the values of the differential cross sections at the rainbow angle. There are no error bars reported by the experiment. Even so, the agreement in the nontransfer case must be judged to be satisfactory. Some disagreement occurs at very low scattering angles, where the blast through proton beam may also obscure some of the experimental results. 7 The agreement with the experiment is not good in the transfer case although the rainbow angle is predicted correctly. Indeed, the END value predicts a lower transfer probability than experiment at small scattering angles and a higher probability at large angles. The END differential cross section is flatter and more structured than the experimental one at small scattering angles. In general, the shape of the transfer END differential cross section resembles the END nontransfer one. This is probably a manifestation of the dominance of the non transfer process and the inability in the END dynamics at the present level of approximation to completely separate it from the charge transfer one. The capability to split the nuclear wavepacket when added to the ENDyne code could improve the results. Such development still lies in the future. Both END results exhibit oscillations due to the semiclassical phase despite the averaging over target orientations. The addition of more orientations will result in less pronounced oscillatory behavior, but even so we must conclude that the END results for the charge transfer differential cross section are inadequate at this level. It should be noted that the experimental 7 detection efficiency of hydrogen atoms is only 3%, making also the experimental transfer cross section less accurate than the non-transfer one.
The experiments by the Toennies group 7 also seek to analyze the energy transfer between the proton and the methane. An END reproduction of the time-of-flight spectra would require many more trajectories in order to obtain statistically relevant relative intensities of each energy loss value. However, the evolution of the average energy transfer for the NT channel as a function of the scattering angle can be obtained with the present trajectories. We form
where ⌬E ik is the difference in kinetic energy between the incoming proton and the fastest outgoing particle, and P ik NT is the probability of no charge transfer to the fastest particle, both for target orientation k. The final value is also rotationally averaged. The results and their comparisons to the experimental data are displayed in Fig. 7 . The above procedure underestimates the energy transfer, although the agreement with experiment is reasonable for the larger scattering angles. For small scattering angles the agreement is poorer and the experimental results appear to even have a different limiting form at zero scattering angle if one assumes a linear behavior. It seems reasonable to expect the the energy transfer to tend to zero at small scattering angles since the average energy transfer is determined by the protons in the ''blast through'' beam not interacting with the target, i.e., coming in with large impact parameters. The assumption of a linear behavior may not be justified, but the experimental results for average energy transfer 7 at this energy has been fitted by a straight line.
In the experiments two independent ways to infer the relative abundances of the product fragments CH 4 ϩ , CH 3 ϩ , and CH 2 ϩ are used. On the one hand, a mass spectrometry analysis of the heavy ion products was done, and on the other, the energy loss spectra was obtained of the scattered hydrogen atoms for scattering angles up to 8 degrees. The two methods give results that agree. The assumptions made in this analysis appear to be that ͑i͒ the mass spectrometer experiment sees all the heavy ions from all the possible processes, ͑ii͒ the energy loss spectrum remains the same for scattering angles greater than 8 degrees, ͑iii͒ the energy loss spectrum of the hydrogens separates into essentially nonoverlapping regions, one for each of the three heavy ion species.
In order to test these assumptions within the limitations of our model we perform the following study summarized in Tables IV and V. We first use the integral cross section formula Eq. ͑19͒ with the probability P(b,E lab ) corresponding to the formation of each of the three cations, and simply compare the three (E lab ) values obtained. By taking all processes into account we find a 50/50 CH 4 ϩ /CH 3 ϩ ratio, very different from the experimental one. The great abundance of CH 3 ϩ might at first be surprising considering the rather small ranges of impact parameters of the trajectories that produce the CH 3 ϩ and CH 3 fragments ͑D2 and F of Table II͒ in comparison to those that produce CH 4 ϩ and CH 4 . The deciding factor is the probabilities P ik (b i ,E lab ), which greatly favor CH 3 ϩ over CH 3 , and CH 4 over CH 4 ϩ . If instead of counting all processes we restrict the trajectories to those for which the fastest outgoing particle has a scattering angle smaller than or equal to 8 degrees, which is the same as in the hydrogen energy loss measurements, the agreement with experiment is quite satisfactory. Without a more precise knowledge of how the product ions were collected in the mass spectrometer it is difficult to comment further on this.
A second study of our END results was also carried out in order to compare with the second set of experimental results of the fragmentation ratios. The hydrogen energy loss spectra is harder to produce and the following procedure was adopted in order to obtain an estimate of the energy trans- ), treating it as a fully cationic particle at the evolved geometry, and performing a single point UHF STO-3G calculation. The difference between this energy and the energy of the geometrically optimized fragment with the same basis set is then added to the kinetic energy loss and provides an upper bound to the energy loss. The difference between the ionization potentials of the methane and the hydrogen atom is small in comparison to the approximations made. The trajectories that produce the CH 2 type fragments have been neglected in this analysis. Our results are displayed in Figs. 8, 9 , and 10 for scattering angles up to 8 degrees, which is the same as chosen in the experiment, 15 degrees, which is the highest measured scattering angle, and 30 degrees, respectively. Beyond 30 degrees successive trajectories give very different scattering angles and interpolation becomes less precise.
We note that the р8 degrees spectrum and that from р15 degrees are comparable and show a clear separation between trajectories leading to CH 4 ϩ and CH 3 ϩ type fragments. In contrast, the р30 degree spectrum shows that the amount of energy transferred to the carbon fragment is not systematically higher when CH 3 ϩ is formed. Thus, the assumption made in performing the experiment that the energy loss spectra for hydrogen should not change when all scattering angles are taken into account disagrees with our findings. Actually, the large increase of CH 3 ϩ found when considering larger scattering angles is easily understood from the shape of the deflection function in Fig. 4 . When the angle considered is greater than the rainbow angle the contributions of trajectories with large impact parameters, i.e., those that are dominant for small scattering angles, vanish, and only trajectories with small impact parameters contribute particles that reach the detector. At these greater angles the contributions from, say, the D2 channel becomes more important increasing the presence of CH 3 ϩ fragments. The energy that separates the two parts of the р8 degrees spectrum is 4.0 eV on our scale. Now, it is interesting to note as a curious coincidence that if one simply integrates the two parts of the spectrum separated by a line at 4.0 eV, one finds the relative abundance of left/right, which is interpreted by the experimental presupposition as the ratio CH 4 ϩ /CH 3 ϩ , to be 72%/28%. This is quite different from the 50%/50% ratio found directly, which is due to the END results for the р30 degrees spectrum ͑Fig. 10͒ that shows a considerable amount of CH 3 ϩ being formed with small hydrogen atom energy loss.
The net result of the above analysis is that our theoretical analysis contradicts the experimental assumptions that the energy loss spectrum remains the same for scattering angles greater than 8 degrees, and that the energy loss spectrum of the hydrogens separates into essentially nonoverlapping regions, one for each of the three heavy ion species at all scattering angles. The theoretical analysis of the fragmentation problem is of course approximate, but our experience from other systems with this level of END theory gives us confidence in the qualitative correctness of the results. It also seems likely that the F channel actually exists and that very fact should introduce some difference between the two ways of estimating the fragmentation from the experiments, since the CH 3 ϩ will be accounted for in the mass spectrum, while the H 2 is not detected in the energy loss spectrum.
V. CONCLUSION
The END theory at its lowest level of approximation, with a single complex spin unrestricted Thouless determinant for the electrons and classical nuclei with retention of full electron-nuclear coupling terms, has been applied to the six atom problem of proton collisions with methane molecules. The implementation of this level of theory in the ENDyne code makes possible dynamical studies without any constraints imposed on the nuclear geometries. The total differential cross section for NT processes show good agreement with experimental results at 30 eV collision energy in the laboratory frame. The END total differential cross section for the CT case are in worse agreement with experiment. Some of the reasons for this lack of close agreement are discussed. Sample trajectories including the details of electron dynamics yield a pictorial representation of details of the dynamics. An analysis of the fragmentation processes and the average energy transfer has made possible a comparison with experimental results and assumptions. 
APPENDIX: INTEGRATION OVER THE SPHERE
In terms of the Euler angles the invariant measure of the SO͑3͒ parameter space is d␣ d␥ sin ␤ d␤. The trapezoidal rule with a constant step length hϭ2/n is used for the ␣ and ␥ integrations, i.e.,
where the fact that the first and last points are identical has been used. The integral over ␤ requires a bit more care. We choose to represent the integrand by the trapezoidal rule, but integrate the measure exactly, i.e.,
with
Ϫsin ␤ i ͔͒ ͑A4͒
with h i ϭ1/(␤ iϩ1 Ϫ␤ i ) the quadrature becomes 
w n ϭϪcos ␤ n ϩh nϪ1 ͑ sin ␤ n Ϫsin ␤ nϪ1 ͒.
One advantage with this approximation is that the volume is obtained correctly regardless of how many grid points are used.
For the proton collisions with methane, with the HCH bond angle being ϭ109.47 degrees we obtain the 132 grid points indicated in Table I in terms of the six basic target orientations. The overall weights for the function values at the six basic orientations are then for H1 and H2 2 (2w 0 ϩw 2 ) and
